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Section A

1. Sketch the portion of the complex plane corresponding to the following inequalities.

(a) Re(z + 1) ≥ 0,

(b) |z − 1 + i| ≤ 2,

(c) |z − 1| ≤ |z + 1|. [3+3+4=10 marks]

2. Find all the complex numbers, in the form z = x+ iy with x, y ∈ R, which satisfy
z4 = −16. [8 marks]

3. (a) State Euler’s formula for the complex exponential function exp.

(b) Express cos(i) in the form x+ iy with x, y real.

(c) Draw the image under exp of the following subsets of the complex plane:

(i) {z ∈ C : Re(z) = π
4
},

(ii) {z ∈ C : Im(z) = π
4
},

(iii) {z ∈ C : Im(z) > 0}.
[2+2+6=10 marks]

4. (a) Find the real and imaginary parts of the function f(z) = (z + 1)2.

(b) State the Cauchy-Riemann equations and verify them for the real and imagi-
nary parts of f(z) = (z + 1)2.

(c) What can be concluded about f by verifying the Cauchy-Riemann equations?

[3+4+1=8 marks]

5. (a) State the definition of a harmonic function.

(b) Verify that u(x, y) = x3 + 3x2y − 3xy2 − y3 is harmonic.

(c) Find another harmonic function v(x, y) such that f(x+ iy) = u(x, y)+ iv(x, y)
is analytic. [2+4+6=12 marks]

6. (a) State Cauchy’s integral formula.

(b) If C is the circular contour |z| = 2, use Cauchy’s integral formula to evaluate∮
eπz

(z + i)
dz.

[3+7=10 marks]

7. (a) State the definition of the principle branch Log of the logarithm and z
1
4 , the

fourth root.

(b) Evaluate the principal values Log(1 + i) and (−1 + i
√

3)
1
4 (in the form x+ iy

with x, y real).

(c) Draw the image of C \ {0} under Log and under z
1
4 . [5+5+2=12 marks]
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Section B

8. Evaluate the following integrals,

(a) ∫
C1

|z|2dz

where C1 is the straight line segment from −1 to 3i,

(b) ∫
C2

sin zdz

where C2 is given by the parametrisation γ : [0, π
2
] 3 t 7→ 1

2
t+ i cos(5t).

[7+8=15 marks]

9. Compute explicitly the Laurent series around z = 0 of the function

f(z) =
1

z2(z + 5)
.

[8 marks]

10. Let z0 be a pole of order 2 for a function f that can be written by a Laurent series
around z0. Prove that the residue can be obtained by the following formula.

resf (z0) = lim
z→z0

d

dz

[
(z − z0)2f(z)

]
All relevant facts which relate poles and their residues to the Laurent series can be
treated as well known but they should be stated explicitly in your proof. [10 marks]

11. Use the Residue Theorem to evaluate the following integrals,

(a) ∮
|z−2|=1

log(z)

z3 − 4z2 + 4z
dz,

(b) ∫ ∞
−∞

1

(x2 + 1)(x2 + 4)
dx,

(c) ∫ 2π

0

1

2i+ cos(x)
dx.

[6+5+6=17 marks]
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