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Section A

1. A model for the growth of a population is

dN

dt
= ρN (1−N)

where ρ > 0.

(a) Explain what the parameter ρ might represent in a biological system. [1 mark]

(b) Find all equilibria and examine their stability. [6 marks]

2. Construct a cobweb diagram for each of the following maps, and hence determine the quali-
tative global behaviour of the solutions for initial populations N0 between 0 and 1.

(a)
Nt+1 = N2

t
.

[5 marks]

(b)
Nt+1 = rNt(1−N2

t
),

for r > 1. [5 marks]

3. Consider the discrete map
Nt+1 = g(Nt)

for some function g and a population Nt.

(a) Give the definition of an m−periodic steady state N∗ of g. [2 marks]

(b) Find both steady states of this map if g is the function

g(N) = rN(2−N),

where r > 0. [2 marks]

(c) Find the value of r for which there is a bifurcation to period 2 solutions. [3 marks]

4. For the following system of differential equations

ẋ = 2x+ 5y,
ẏ = −4x− 7y.

(a) Find the steady state and determine its stability. [4 marks]

(b) Find the general solution of this system. [6 marks]

(c) Sketch the phase plane diagram. [4 marks]

6/5/2020



MA34810 - Mathematical Models of Biological Systems 3 of 5

5. For the following system of differential equations

ẋ = x− 5y,
ẏ = x− 3y.

(a) Find the steady state and determine its stability. [4 marks]

(b) Find the general solution of this system. [6 marks]

(c) Sketch the phase plane diagram. [4 marks]

6. (a) Describe briefly a biological system that this reaction-diffusion scheme might be modelling
if r > 0, c1 < −1,−1 < c2 < 0: [2 marks]

∂u

∂t
= u(1− u+ c1v) +D1

∂2u

∂x2
,

∂v

∂t
= rv(1 + c2u− v) +D2

∂2v

∂x2
.

(b) In the spatially homogeneous case (D1 = D2 = 0) the equilibrium points of the scheme
are

(u∗, v∗) = (0, 0), (1, 0), (0, 1),

(

1 + c1

1− c1c2
,
1 + c2

1− c1c2

)

.

By examining the existence and stability of the equilibria at which u and v are not
both zero, determine the behaviour of the system for initial conditions u > 0, v > 0.

[10 marks]

7. Consider the following chemical reaction scheme:

A

k1
⇋

k−1

X, B
k2
−→Y, 2X + Y

k3
−→3X.

The concentrations a and b, of A and B respectively, are kept constant. State the Law of
Mass Action and use it to derive a pair of differential equations for the concentrations of X
and Y . [6 marks]
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Section B

8. Consider the following model for the harvesting of a population N(t) with constant effort E:

dN

dt
= aN ln

(

K

N

)

− EN,

for positive constants a and K.

(a) Describe the biological meaning of the parameter K. [2 marks]

(b) In the absence of harvesting (E = 0), find the possible equilibrium populations for N
and determine their stability. [5 marks]

(c) Find the equilibrium solutions of this system for E > 0. [4 marks]

(d) Determine the stability of any positive equilibria. [4 marks]

9. Consider the following model for the dynamics of a directly transmitted parasite, in which S

is the number of susceptibles, I the number of infectives and M the number of immunes:

Ṡ = bN − βSI − bS

İ = βSI − (b+ r)I

Ṁ = rI − bM.

The constants b, r and β are all positive.

(a) Show that the total population S + I +M = N is constant. [4 marks]

(b) Find the equilibria and examine their stability. [15 marks]

(c) Show that there is a threshold population sizeNc such that if N < Nc the parasite cannot
maintain itself and both the infectives and the immunes eventually die out. [2 marks]
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10. Consider the following chemical reaction scheme:

A+ Y
k1
−→X + P, X + Y

k2
−→2P, A+X

k3
−→2X + Y, 2X

k4
−→A+ P,

in which the concentration α of A is kept constant.

(a) What is meant by an autocatalytic reaction? State which of these reactions are auto-
catalytic for X and/or Y . [2 marks]

(b) Use the Law of Mass Action to derive a pair of differential equations for the concentrations
of X and Y . [4 marks]

(c) Give an appropriate non-dimensionalization, and hence show that these equations can be
written in the form

du

dt
= β1v − uv + u− β2u

2,
dv

dt
= −β1v − uv + u.

You should express β1 and β2 in terms of the parameters k1, k2, k3, k4 and α. [8 marks]
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